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PREDICTION OF CENTERLINE SHOCK-LAYER  THICKNESS AND PRESSURE 
DISTRIBUTION ON DELTA WING-BODY CONFIGURATIONS 
George E .  Kaattari 
Ames Research Center 
SUMMARY 
Methods are p resen ted  to  ca l cu la t e  bo th  the  shock  inc l ina t ion  ang le  and 
t h e  s u r f a c e  p r e s s u r e  c o e f f i c i e n t  i n  t h e  v e r t i c a l  p l a n e  o f  symmetry of  bodies  
a t  ang le  o f  a t t ack .  The methods are appl icable  over  an  angle-of -a t tack  range  
from 0' t o  a maximum angle  that  depends on t h e  body  s l ende rness  r a t io ;  fo r  
v e r y  s l e n d e r  b o d i e s ,  t h i s  maximum angle   of   a t tack  approaches 90'. The 
methods  apply t o  c o n f i g u r a t i o n s  o f  e l l i p t i c a l  c r o s s  s e c t i o n  and  of r ec t angu la r  
c ross  sec t ion  wi th  rounded corners .  
INTRODUCTION 
There i s  much i n t e r e s t  c u r r e n t l y  i n  p r e s s u r e s  and shock-layer thicknesses 
generated on bodies  a t  la rge  angles  of  a t tack  dur ing  a tmosphere  en t ry .  Theo- 
r e t i c a l  s o l u t i o n s  ( r e f s .  1 and 2) have  been  developed  for  pressure  d is t r ibu-  
t i o n s  and shock-layer  thicknesses  for  symmetr ical  prof i les  a t  zero  angle  of  
a t t a c k .  A r e c e n t  work tha t  u ses  numer i ca l  so lu t ions  o f  exact equat ions 
( r e f .  3) has considered the case of nonsymmetric bodies a t  a n g l e  o f  a t t a c k .  
Approximate pressure  d is t r ibu t ions  have  been  computed f o r  more general (non- 
analyt ic)  shapes such as wing-body combinations by tangent wedge and tangent 
c i r c u l a r  cone methods and by Newtonian theory. 
The p resen t  method of  es t imat ing the shock locat ions and surface pressure 
c o e f f i c i e n t s  i n  t h e  v e r t i c a l  p l a n e  o f  symmetry i s  based on ana lys i s  o f  a sim- 
p l e  cone a t  ang le  o f  a t t ack .  The  method may be extended,  however ,  to  the pre-  
d i c t i o n  o f  symmetry p l ane  p res su res  and shock-layer thicknesses of configura- 
t i ons   w i th   a rb i t r a r i l y   va ry ing   ( and   expand ing)   c ros s   s ec t ions .   Th i s   ex t ens ion  
t o  t h e  method i s  accomplished by approximation of the body with a tandem 
series o f   cone   f rus tums   o f   app ropr i a t e   c ros s   s ec t ion .   In   e f f ec t ,   t h i s   t hen  i s  
a tangent cone method but differs from the standard technique in that the tan- 
gent cone can be made t o  c o i n c i d e  c l o s e l y  w i t h  t h e  e n t i r e  windward l o c a l  body 
per iphery  in  the  spanwise  d i rec t ion .  This  requi rement  i s  not  poss ib le  wi th  a 
c i r c u l a r  cone t h a t  c a n  b e  t a n g e n t  o n l y  t o  a p o i n t  on t h e  body and thus cannot 
g ive  a rea l i s t ic  shock-layer   thickness .  The p resen t  method,  moreover, i s  more 
a p p l i c a b l e  t o  a la rger  angle-of -a t tack  range  than  i s  t h e  method of  the  tangent  
c i r cu la r  cone .  
I 
ANALYSIS 
The a n a l y s i s  will be  developed  in  two p a r t s .  The f irst  p a r t  w i l l  d i s cuss  
a semiempir ica l  equat ion  used  to  ca lcu la te  the  pressure  coef f ic ien t  in  the  
v e r t i c a l  p l a n e  o f  symmetry on a conica l  body o f  a r b i t r a r y  c r o s s  s e c t i o n  a t  
ang le  o f  a t t ack .  The equat ion  i s  a func t ion  o f  t he  free-stream flow proper- 
t i es ,  the  shock  inc l ina t ion  angle ,  0 ,  a n d  t h e  d i f f e r e n t i a l  a n g l e ,  6, between 
the shock t race and the body s u r f a c e  i n  t h e  v e r t i c a l  p l a n e  of  symmetry.  The 
second  pa r t  p re sen t s  a means of  ca l cu la t ing  the  ang le ,  6, as a function of 
angle  of  at tack, 01, for  conica l  bodies  having  two types of  body c ross  sec t ion .  
P res su re  Coef f i c i en t  
The p r e s s u r e  c o e f f i c i e n t  f o r  a perfect gas behind an oblique shock a t  
angle  8 i s  
When the obl ique shock i s  assoc ia ted  wi th  a wedge (two-dimensional f low),  the 
angle between the wedge and  shock i s  B = t an- '  [ (po/pO)tan 01 , where po/pO 
i s  the   r ec ip roca l   shock   dens i ty   r a t io   ac ross   t he   ob l ique   shock .  The p res su re  
c o e f f i c i e n t  on t h e  wedge is  i d e n t i c a l   t o   ( e q .   ( 1 ) ) .  If the  shock i s  
a s soc ia t ed  wi th  an  in f in i t e ly  long  (E - 0) yawed cy l inde r ,  t he  shock trace i s  
p a r a l l e l  t o  t h e  c y l i n d e r  and B = O".' The p r e s s u r e  c o e f f i c i e n t  on the  cy l in -  
de r  i s  then due to  the s tagnat ion pressure corresponding to  the normal  Mach 
number & s i n  0 .  The i n c r e a s e  i n  p r e s s u r e  c o e f f i c i e n t  from the   shock   t o   t he  
cy l inde r  su r face  may be determined with the aid of  shock tables .  F o r  normal 
Mach numbers, g r e a t e r  t h a n  2 .5 ,  t h i s  i n c r e a s e  i s  g i v e n  t o  a good approximation 
(within 6 percent) by 
I t  i s  assumed t h a t  t h e  v a r i a t i o n  i n  t h e  s u r f a c e  p r e s s u r e  c o e f f i c i e n t  
between the l imit ing cases  of  a wedge and a yawed cy l inde r  i s  a l inear  func-  
t i o n  of the  parameter  k defined  by 
2 
The "gene ra l i zed"  p re s su re  coe f f i c i en t  i s  then  
C = C  + - ( 1 - k )  AP 
p p0 90 
(4) 
Equa t ions  ( l ) ,  ( 2 ) ,  and (3) when combined with  equat ion (4) r e s u l t  i n  
When a p p l i e d  t o  e l l i p t i c  cones a t  ang le  o f  a t t ack ,  equa t ion  (5) was 
found t o  a g r e e  well w i t h  t h e  r e s u l t s  o f  a more r igorous  ana lys i s  deve loped  in  
r e fe rence  4 ( s e e  f i g .  1 ) .  The cen te r l ine  p re s su res  g iven  by the  p re sen t  
method were a l so  found  to  ag ree  subs t an t i a l ly  wi th  the  va lues  g iven  by  a semi- 
empir ica l  t echnique  presented  in  re ference  5. 
Shock and Body Angle Relationships 
Equation (5) presumes a known re la t ionship   be tween  the   angles  8 and 6 .  
This r e l a t i o n s h i p  i s  no t  gene ra l ly  ava i l ab le  from e x i s t i n g  t h e o r i e s  f o r  c o n i -  
c a l  b o d i e s  o f  a r b i t r a r y  c r o s s  s e c t i o n  a t  a n g l e  o f  at tack. Th i s  s ec t ion ,  
t he re fo re ,  desc r ibes  a  method by which the shock and body angle  re la t ionships  
may be determined by simple calculations involving two-dimensional shock 
theory .  
/ 
Y 
Sketch  (a) 
Sketch (a)  depicts  a conica l  body with i t s  upper  surface element  in  the 
v e r t i c a l  p l a n e  o f  symmetry def ining  an  angle  f3 wi th   r e spec t   t o   t he   shock  
t r a c e  O X ,  which i s  i n c l i n e d  a t  the   angle  0 wi th   r e spec t   t o   t he   f r ee - s t r eam 
d i r e c t i o n .  If t h e   h o r i z o n t a l  component o f   v e l o c i t y ,  Vo cos 8 ,  i s  neg lec t ed ,  
the   shock   s tandoff   d i s tance  A, from t h e   b a s e   o f   t h e  body a t   l o c a t i o n  x. t o  
a "vir tual"   shock  locat ion,   e lement  m, i s  e s t a b l i s h e d  by  two-dimensional 
shock  app l i ed  to  the  loca l  body c r o s s  s e c t i o n  i n  t h e  normal  flow f i e l d .  When 
t h e  h o r i z o n t a l  component o f  ve loc i ty  i s  cons idered ,  the  s tandoff  d i s tance  A, 
i s  ma in ta ined  wi th  r e spec t  t o  an extension of  the body surface element  but  i s  
t r a n s l a t e d  a d i s t a n c e  Ax, s o  tha t   he   v i r tua l   shock   e lement  m appea r s   a t  
t h e   r e a l   l o c a t i o n  n  on the   shock   t race  O X ,  t h i s   p o s i t i o n   b e i n g   o c c u p i e d  
3 
w i t h  r e s p e c t  t o  a transformed  (elongated)  body.  Since  the  value,  A,, i s  
e s t a b l i s h e d ,  B may be determined by the fol lowing procedure using the length 
of  the  transformed  body xo+Ax. 
The  Y-components o f  t h e  stream v e l o c i t y  i n  t h e  s h o c k  l a y e r  varies from 
the value immediately behind the shock,  (po/pe)Vo s i n  e ,  t o  t h e  v a l u e  
approaching the body surface,  Vo cos e t a n  B .  The ave rage  ve loc i ty  
- 
vY = ( l /Z)Vo[(po/pe)s in  e + cos e t a n  B ] .  The  X-component o f   v e l o c i t y  i s  
Vo cos e .  Therefore ,  a stream p a r t i c l e  commencing from  the  shock a t  x. i s  
c a r r i e d   t h e   h o r i z o n t a l   d i s t a n c e  Ax wi th   ve loc i ty  Vo cos 0 i n   t h e  time 
i n t e r v a l  r e q u i r e d  f o r  it t o  approach  the  transformed  body a t  Y-distance A, 
wi th   t he   ave rage   ve loc i ty  Vy. Thus 
From sketch (a)  
A, - x. t a n  B = Ax t a n  B 
Subs t i t u t ion   o f   equa t ion  (7)  i n to   equa t ion  ( 6 )  gives 
i n  which x. i s  r e l a t e d   t o   t h e  cone  geometry  by 
R X 0  = -  , b = R t a n E  a = R t a n  E 
cos E cos B z y  
Y Y 
(7) 
1 tan  cos E s e c  B 
” - Y ~. 
xO b I 
S u b s t i t u t i o n  o f  the  above  value f o r  x. i n t o   e q u a t i o n  (8) g i v e s   t h e   f i n a l  
r e s u l t  
A t a n  E~ cos E 
Y 
b 
Equation  (10)  gives B as a func t ion   of  8 ;  however, B as  a func t ion  of  
angle   o f   a t tack  c1 i s  readi ly   found  th rough  the   re la t ionship  c1 = 0 - B - E 
( ske tch   ( a ) ) .  Y 
4 
The usefu l  angle-of -a t tack  range  of  the  method i s  r e s t r i c t e d  i n  t h a t  when 
the   cen te r l ine   shock- t r ace   i nc l ine   approaches  0 = go",   the   angle  6 
approaches  the  approximate  value (Ao/b) E Z .  The l i m i t i n g  a n g l e  o f  a t t a c k  i s  
then a 90" - (Ao/b) cZ - E ~ .  Thus, a r eaches   t he   h ighes t   va lue   fo r   s l ende r  
cones  (small tzZ and 9) , and for  cones of  a g iven  s lenderness ,  has  h igher  
va lues   wi th   increas ing  Mach number (decreasing  Ao/b). 
For small va lues  of  B ( sec  B = 1),   equation  (10)  can  be formed as a 
quadra t ic  equat ion  and  an  approximate  so lu t ion  readi ly  obta ined .  The exac t  
s o l u t i o n  i n  c h a r t  form i s  p r e s e n t e d  i n  f i g u r e  2 ,  wherein B i s  p l o t t e d  as a 
funct ion  of   (Ao/b)tan E~ cos E for   var ious   parameter   va lues   (po /pe) tan  8 .  
The requi red   va lue  Ao/b i s  tKe shock  solut ion  for   two-dimensional   cyl inders  
and i s  a func t ion  of  the  shock-dens i ty  ra t io  and  the  body c ross  sec t ion .  
S o l u t i o n s  f o r  v a r i o u s  e l l i p t i c  c r o s s  s e c t i o n s  a n d  s l a b  s e c t i o n s  w i t h  r o u n d  
corners  are  given in  f igure 3.  These solut ions are  f rom an unpubl ished method 
t h a t  i s  a two-dimensional  extension to  the axisymmetr ic  solut ions of  refer-  
ence  6.  The d i s c o n t i n u i t i e s  i n  t h e  s o l u t i o n s  a r e  due t o  a r b i t r a r y  s t e p  
changes i n  t h e  v a l u e  o f  t h e  g a s  s p e c i f i c - h e a t  r a t i o ,  y ,  a t  pe/po = 6 and 11. 
The e f f e c t   o f  y may be   es t imated  by i n t e r p o l a t i o n  i f  some "real  gas" y can 
be  spec i f i ed .  
EXAMPLE APPLICATION 
The fol lowing numerical  example i l l u s t r a t e s  t h e  c a l c u l a t i v e  p r o c e d u r e  
and use of  the charts  herein to  determine the shock angle  and pressure-  
c o e f f i c i e n t  s o l u t i o n s  f o r  a t y p i c a l  c o n i c a l  body a t  an  angle  of  a t tack  in  a i r  
(y = 1 . 4 )  a t  Mach number 5.  
Given a/b = 1/3 ,  cZ = 15"  (cy = 5.10°) ,  and Mo = 5 ,  determine  the  angle  
of  a t tack  and p r e s s u r e  c o e f f i c i e n t  when the shock i s  i n c l i n e d  ( 0  = 60") t o  t h e  
f r ee   s t r eam.  The shock-dens i ty   r a t io ,  p o / p O ,  across   the  obl ique  shock  with 
y = 1 .4  i s  f i r s t  determined: 
(Y-1) + 2 0 .4  + 2 - = -  - "
2.4  2.4 x 25 x 0.750 = 0.211 p e  (y+l )Mi   s in2  6 
The r ec ip roca l   va lue ,  p e / p Q  = 4 . 7 4 .   I n   f i g u r e   3 ( a ) ,  Ao/b = 0.692 a t  
p O / p o  = 4 .74  fo r  an  e l l i p t l c  s ec t ion  wi th  a /b  = 1/3 .  
Q u a n t i t i e s  r e q u i r e d  i n  f i g u r e  2 are now evalua ted .  The absc i s sa  va lue  
(Ao/b)tan  cos E = 0.692 x 0.268 x 0.996 = 0.185. The parameter Y 
(po/pO)tan 0 = 0.211 x 1.732 = 0.366 
The above  va lues  in te rsec t  on the  cu rves  o f  f igu re  2 (a )  a t  the  o rd ina te  va lue  
B = 5. 8 5 O .  The ang le  o f  a t t ack  
5 
~1 = 8 - B - E = 60' - 5.85' - 5.10' = 49.05" 
Y 
The p res su re   coe f f i c i en t   ( eq .  (5)) is eva lua ted  
4*4 x 0.750 - 2 . 4  x 25 2 cp = 2.4 - 0.500 X 0.866 X 0.1025 = 1.297 
Note that  a spec i f i c  ang le -o f -a t t ack  va lue  canno t  be  se l ec t ed  a p r i o r i .  
Calcu la t ions   w i th   s eve ra l   va lues   o f  f3 can  be made quickly,  however,  and 
curves  of  5 and B cons t ruc ted  as funct ions  of   angle  o f  a t t a c k .  The above 
procedure  a lso  appl ies   to   round-corner   s lab  sect ions  where rc takes t h e   r o l e  
of Itarr ( f i g .  3 ( b ) ) .  
EXTENSION OF THE METHOD 
A d e l t a  wing-body configuration i s  d e p i c t e d  b y  s o l i d  o u t l i n e  i n  f i g u r e  3 .  
The dashed  l i nes  r ep resen t  ou t l i nes  o f  a series o f  tandem  cone frustums with 
which the   conf igura t ion   shape  i s  approximated. The cone  elements are con- 
s t r u c t e d  t a n g e n t  t o  t h e  b o t t o m  s u r f a c e  a t  t h e  v e r t i c a l  p l a n e  o f  symmetry and 
are a l s o  made t angen t  t o  the  p l an fo rm ou t l ine  o f  t he  conf igu ra t ion  as i n d i -  
ca ted .  A typ ica l   c ross   sec t ion   meet ing   these   requi rements  i s  shown. Cross 
sec t ions  va ry ing  from a c i r c l e  t o  e l l i p s e s  of  i n c r e a s i n g  e l l i p t i c i t y  and 
severa l  round-corner  s lab  sec t ions  were  used  in  the  cons t ruc t ion  of  f igure  4. 
Thus,  the actual  configurat ion i s  approximated by a series of cone frustums 
of s tepwise  varying  cross   sect ion,   apex  angle ,   and  angle   of  a t tack.  The 
accuracy of  the approximation increases  with the number of frustums used. 
Calcu la t ions  o f  p re s su res  and shock angles are then  made f o r  t h e  i n d i v i d -  
ua l  cones  in  the  manner o f  t h e  above  example c a l c u l a t i o n .  The shock-layer  
th ickness  i s  then determined by integration of the local shock angles (appro- 
p r i a t e  t o  e a c h  cone)  plot ted as a func t ion  o f  body sur face  length :  
As = is B ds = Is (dA/ds)ds 
0 0 
Equation (11) may be  in t eg ra t ed  by e i t h e r  g r a p h i c a l  o r  tabular methods.  
COMPARISON BETWEEN EXPERIMENTAL AND THEORETICAL RESULTS 
Cones 
Comparisons of   experimental  and p r e d i c t e d   r e s u l t s   o f  B as a func t ion  
of c1 f o r   e l l i p t i c   c o n e s  are p r e s e n t e d   i n   f i g u r e  5.  A wide  range i n  cone 
geometry  and Mach number ( 3  < M, < 10) i s  r ep resen ted .  Agreement  between 
experimental  and predicted values i s  gene ra l ly  wi th in  10 percent and i s  
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p a r t i c u l a r l y  s a t i s f a c t o r y  a t  t h e  h i g h e r  Mach numbers. The d a t a  a t  Mach  num- 
bers 2.94, 3.87, and 4.78 are p r e v i o u s l y  u n p u b l i s h e d  r e s u l t s  o f  t e s t s  i n  t h e  
Ames 1- by 3-FOOt  Wind Tunnel. 
A comparison between experimental  and predicted centerline pressures for 
cones i s  p r e s e n t e d  i n  f i g u r e  6 i n  t h e  form o f  a co r re l a t ion  cu rve .  The ranges 
o f  ang le s  o f  a t t ack ,  Mach numbers,  and conf igu ra t ion  c ros s  sec t ions  are noted 
on t h e  figure. Experimental  and predicted values  correlate  within the limits 
of  about  '2 percent .  
Wing-Body 
A comparison between experimental  and predicted centerline shock-layer 
t h i c k n e s s  f o r  a d e l t a  wing-body conf igura t ion  a t  Mo = 7.4 i s  shown i n  f i g u r e  
7.  Experimental  and  predicted  values  agree well. Note tha t   t he   shock- l aye r  
t h i ckness  has  the  same va lue  a t  a = 15"  and 30". 
Figure 8 p re sen t s  a comparison between experimental  and predicted center- 
l i n e  p r e s s u r e  d i s t r i b u t i o n s  f o r  t h e  d e l t a - w i n g  and  body conf igu ra t ion  shown 
i n  f i g u r e  7.  Agreement i s  s a t i s f a c t o r y  a t  ang le s   o f  at tack up t o  30". A t  
= 40" a discrepancy between experimental  and predicted pressures occurs 
over  a p o r t i o n  o f  t h e  body length;  however ,  the predicted values  given by the 
p re sen t  method a re  in  be t t e r  acco rd  wi th  expe r imen t  t han  are t h e  i n d i c a t e d  
results of modified Newtonian theory.  
CONCLUDING REMARKS 
Simple methods were developed for prediction of  i n c l i n a t i o n  o f  a shock 
w i t h  r e s p e c t  t o  t h e  windward t r a c e  on a c o n i c a l  s u r f a c e  i n  t h e  v e r t i c a l  p l a n e  
of  symmetry and f o r  e s t i m a t i o n  o f  p r e s s u r e  c o e f f i c i e n t  on t h i s  body t r a c e .  
Predicted values  were compared with experiments  for  a i r  f l o w s  i n  t h e  Mach 
number range 3 t o  10 and the angle-of-attack range of 0" t o  a b o u t  70" f o r  
cones  of a wide  range i n  geometry. The methods  were  extended t o  t h e  p r e d i c -  
t i o n  o f  v e r t i c a l  symmetry plane shock-layer thicknesses and body su r face  p re s -  
su res  o f  conf igu ra t ions  wi th  a rb i t r a r i l y  chang ing  c ross  sec t ions  wi th  body 
length  by the  use  o f  a tandem se r i e s  o f  l oca l ly  con ica l  e l emen t s  t o  approx i -  
mate t h e  body shape .  Th i s ,  i n  effect ,  i s  a ref ined  tangent   cone  procedure.  
The a p p l i c a b i l i t y  o f  t h e  methods has been demonstrated by comparison 
w i t h  t e s t  r e s u l t s  from low enthalpy a i r  f lows.  The s u i t a b i l i t y  o f  t h e  method 
f o r  r e a l  g a s  f l o w s  i s  b e l i e v e d  v a l i d  a l s o  s i n c e  t h e  real  g a s  e f f e c t  e n t e r s  
p r imar i ly  th rough  the  dens i ty  r a t io  ac ross  the  shock .  
Ames Research Center 
National Aeronautics and Space Administration 
Moffe t t  F ie ld ,  Ca l i f . ,  94035, J u l y  8, 1971 
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Figure 3.- Centerline  shock standoff. 
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Figure 4.- Approximation of delta-wing-body by cone frustums. 
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